Abstract. The static spherically symmetric traversable wormholes are analysed in the Einstein-Cartan theory of gravitation. In particular, we computed the torsion tensor for matter fields with different spin S = 0, 1/2, 1, 3/2. Interestingly, only for certain values of the spin the torsion contribution to EinsteinCartan field equation allows one to satisfy both flaring-out condition and Null Energy Condition. In this scenario traversable wormholes can be produced by using usual (non-exotic) spinning matter.
Introduction
In general relativity there exists a number of physically reasonable restrictions on the stress-energy tensor able to guarantee a level of physical acceptability of field solutions [1, 2] . However, such so-called energy conditions express only possible criteria that have a certain degree of arbitrariness. In this paper we focus on the so-called Null Energy Condition (NEC), i.e. ∀N a such that N a N a = 0, one requires T ab N a N b ≥ 0, with T ab the stress-energy tensor. NEC results to be the weakest one among the possible energy conditions proposed 1 . For this reason, one expects that in general a physically reasonable matter should at least satisfy the NEC. Moreover, as well known NEC is explicitly summoned in the Morris-Thorn wormhole and this feature is typically interpreted as a characteristic that compromises the physical attainability of a material sourcing it, and hence it implicitly suggests that Morris-Thorne wormholes never occur in reality. In this paper we consider the link between NEC and wormhole in a more general framework.
and (SEC) ⇒ (N EC).
For the definitions of the energy conditions and a detailed discussion about the above implications see for example Ref.s [3, 1] .
By adopting a suitable orthonormal frame where Tμν = diag(ρ, p 1 , p 2 , p 3 ), NEC implies ρ + p j ≥ 0, ∀j ∈ {1, 2, 3}.
Nevertheless, it is well known that there exists a number of classical and quantum systems capable of violating this constraint [4, 5, 3, 6] . In this concern a relevant example is provided by Dirac field in General Relativity.
As already stated, an interesting hypothetical physical system that implies the violation of NEC is the matter sourcing Lorentzian traversable Morris-Thorne wormholes. These are classical solutions of Einstein equations representing short-cuts between two asymptotically flat region of space time [7, 5, 8] . In the following we summarize the main features of a traversable Morris-Thorne wormhole.
Let us consider the most general static and rotationally invariant metric without horizons, which in the Schwarzschild coordinate system (t, r, θ, φ) [7, 3, 9] reads
where the b(r) and Φ(r) are the shape and red-shift functions, respectively. Although the previous metric has no event horizons, further constraints have to be imposed in order to obtain a traversable wormhole (see Ref. [7] for a detailed discussion). Indeed, at any given time t, the bridge-like behavior implies that three-dimensional Euclidean embedding of the manifold equatorial slice have to flare outward as one moves from the upper to the lower universe trough the throat. The above geometrical constraint is known as flaring outward condition and it implies [7, 3] 
near the wormhole throat, which is defined as the narrowest region of the wormhole where the radial coordinate takes its minimum value r 0 [7, 3] . Furthermore, it can be shown that b(r 0 ) = r 0 [7] . Hence in r 0 one gets from Eq. (5)
Through the Einstein equations
where k = 8πG in natural units, one translates the geometrical condition (6) on G ij in a corresponding condition on the components of the stress-energy tensor in an orthonormal frame, namely
The quantities ρ 0 and τ 0 represent the values at the throat of total density of mass-energy and the tension per unit area measured in the radial direction, respectively. Equation (8) indicates that the matter sourcing the traversable wormhole violates NEC in a neighborhood of the throat. A material characterised by such a behaviour is named "exotic" [3] . This may implicitly suggest that Morris-Thorne wormholes never occur in reality. Interestingly, the above considerations do not apply in general to Einstein Cartan theory [10, 11, 12, 13, 14, 15, 12, 16] where non exotic sources of wormholes are possible. In this paper we show how Einstein-Cartan theory allows one to disjoin the flaring out condition from the NEC violation. The result is strictly related the torsion contributions arising in the field equations and hence to the role played by the spin.
In Einstein-Cartan theory (U 4 theory) [17, 18] the spacetime has a non trivial Riemannian structure since the antisymmetric part 2 of the connection no longer vanishes. This new term contributes to the so-called modified torsion tensor T ijk [19] and figures in field equations in addition to the curvature. Interestingly, in this extension of General Relativity the torsion is related to the intrinsic angular momentum just as the Ricci tensor is related to the energy-momentum tensor. Since the presence of torsion should be associated to a certain large energy scale [20] one expects to see its effects at work in the very early universe only [21, 22, 23] .
This paper is organized as follows. In Section 2 we briefly review the Einstein-Cartan theory. In Section 3 we investigate the relation between flaring-out condition and NEC violation. In particular we discuss some relevant particle fields [24, 25] with integer and half-integer spin: a "Dirac field" S = 1/2 [26] , a "Proca field" S = 1 [27, 28] and a "Rarita-Schwinger field" S = 3/2 [29] . Section 4 is dedicated to conclusions and outlooks.
Einstein-Cartan theory
In this section we briefly review the formalism of EinsteinCartan-(Sciama-Kibble) theory, sometimes refereed to as U 4 theory [30, 31, 32] , in order to stress the main concepts and define the notation. In this theory both mass and spin of matter fields couple to the geometry of spacetime. Equivalently, such a model arises by constructing a gauge theory whose (local gauge) group is represented by Poincarè group. Within both approaches, we find that spin couples to torsion of the four dimensional RiemannCartan spacetime U 4 in the same way as the energy-momentum tensor couples to the metric (see Eqs. (19) and (20) below).
Let us consider a four-dimensional spacetime X 4 endowed with a metric g ij , where i, j = 0, 1, 2, 3. The most general metric compatible connection (i.e., the one for which the metricity condition (
where i jk are the Riemann-Christoffel symbols, whereas
and hence
The quantities K i jk and S i jk have 24 independent components and are called contorsion and Cartan torsion tensors, respectively. The K i jk , representing the non-Riemannian part of the connection, depend both on metric and on torsion. A spacetime X 4 endowed with the connection (9) is called Riemann-Cartan spacetime U 4 . Note that for a vanishing torsion one recovers the usual Riemannian spacetime.
Let us consider in U 4 a matter field which couples to gravity. The total action reads simply as
where R is the Ricci scalar. If we vary (13) with respect to ψ we obtain the matter equations
3 We denote the covariant derivative carried out through the connection Γ with the symbol
where on the left we have the canonical energy-momentum tensor and the canonical spin tensor, respectively. Eq. (15) expresses the coupling between spin and contorsion. By varying the total action (13) with respect to field variables g ij and S k ij we get two sets of field equations
where
are the metric energy tensor and the spin potential energy, respectively. The tensors Σ ij , σ ij , τ ijk , µ ijk are related by the following relations: 
Equation (19) represents a generalization of Einstein equations, whereas Eq. (20) is an algebraic relation featuring the coupling between the spin of matter and the torsion of spacetime. The Einstein tensor appearing in Eq. (19) has been defined as usual
The antisymmetric part of G ij is now non-vanishing due to the modified divergence relation
By employing the algebraic relation (20) , it is possible to write Eqs. (19) and (20) as an unique set of field equations given by
where {} Gij represents the Riemannian part of G ij and
Spin and NEC
The NEC is often required in general relativity to avoid unpleasant behaviours of spacetime [1] . At the same time, NEC violations occur in particular (maybe just hypothetical) spacetime configurations. As shown in the introduction and in Refs. [7, 3] , the "flaring-out condition" for static spherically symmetric wormholes implies NEC to be violated. For such reason, the matter driving a wormhole is typically denoted as exotic [3] . Although the flaring-out condition and the NEC violation are usually strictly related, they are not equivalent. Indeed, flaring out is a geometrical condition which has to be imposed on the Einstein tensor G ij . On the other hand, NEC is a physical constraint applied to the stress-energy tensor T ij . In ordinary general relativity these two tensors are the only quantities entering the Einstein's equations G ij = kT ij and this implies the equivalence between geometrical and physical constraints. On the contrary, in Einstein-Cartan theory the torsion terms in (24) disjoins the Riemannian part of the Einstein tensor (23) from the usual energy-momentum tensor related to σ ij by (16) . It follows that also NEC and flaring-out are now disjoint. Given a generic null vector field N i (i.e., g ij N i N j = 0), the conditions read as follows:
The purpose of this section is to investigate if conditions (25) could be simultaneously verified. Since the spin is coupled with the torsion terms, we will focus our attention on some relevant examples of spinning matter theories with different spin number.
Scalar Matter Field (S = 0)
We start with the trivial case concerning a scalar matter field φ. Since φ has no spin, it does not produce any torsion. Indeed, the gauge covariant derivative operator acts on a scalar field as D i φ = ∂ i φ and hence, according to the minimal coupling procedure, torsion does not couple with matter 4 . Therefore, Eq. (23) reduces to the usual Einstein field equations. This is the same situation as described in Refs. [7, 3] , where the flaring-out condition implies NEC violation, i.e., (Flaring Out) (NEC violation).
When this occurs, the exoticity of the wormhole source is unavoidable [7] .
Dirac Field (S =
2 )
The interacting Dirac field [32, 20, 33, 34] is described by a Lagrangian function whose covariantized form reads as
The gauge covariant derivative D i acts on spinor as
γ α = e i α γ i being the Dirac matrices in flat space. The canonical spin tensor is completely antisymmetric and is given by
and hence from Eqs. (23) and (24) we get
Since the only correction occurring in Eq. (31) is proportional to the metric tensor, it follows that such a term vanishes when one computes
Once again, we obtain the usual relation between NEC and flaring out. Therefore, we conclude that only "exotic" Dirac fields could satisfy Einstein's equation for wormholes of type discussed in Refs. [7, 3] .
Proca Field (S = 1)
The Lagrangian function of a Proca field is represented by
where m = 0 is a mass 5 and U i is a Lorentz vector valued zero-form belonging to the (irreducible) vector representation of the Lorentz group [35] . Thus, its gauge covariant derivative is given by
where J αβ are the generators of the Lorentz group in the given representation, i.e.,
5 If one sets m = 0 then obtains Maxwell theory. As discussed in [32] Maxwell fields can be minimally coupled to torsion only by breaking the gauge symmerty.
The canonical spin tensor is given by
where we have introduced the tensor
. By using Eq. (35) jointly with Eq. (24) we achieve the following expression:σ
Unlike the Dirac case, the above equation involves a correction term which is not proportional to the metric. Therefore, non vanishing torsion terms appear in the flaring-out condition, i.e.,
and hence conditions (25) now reads as
Since U l F lm N m 2 is a positive quantity, the above conditions are both satisfied if
Proca fields satisfying (39) are possible non-exotic sources for wormholes metric. In other words, for this kind of matter both flaring-out and NEC hold.
Rarita-Schwinger Field (S =
In the theory of supergravity the Rarita-Schwinger field is associated with the conjectural gravitino, the supersymmetric partner of graviton [33, 36, 37, 38] . In general, the Rarita-Schwinger Lagrangian describes a massive particle with spin− 
where ψ i represents a spinor valued one-form and the bar stands for the Dirac conjugate. The covariant derivative of Rarita-Schwinger field is given by
Unlike the Dirac case, the spin density tensor is not completely antisymmetric and reads as
From equation (11) one gets the torsion tensor
In order to simplify the subsequent calculations we introduce the tensors J ijk ≡ ψ i γ j ψ k −ψ k γ j ψ i and J i ≡ J j ji . Note that J ijk is antisymmetric in the first and third indexes. From Eqs. (24) and (42) we obtaiñ
Also this time we split the correction terms in two: those who do multiply g ab and those who do not. Of course only the seconds produce non vanishing contribution tõ σ ij N i N j and are relevant for (25) . Furthermore it can be proved that the∇ k τ (ij) k is expected to vanish [39] . In other words, we are interested only in the following correction term:
which is a scalar. In order to simplify calculations we evaluate (44) in the proper "hatted" reference frame introduced in Ref. [7] and on the special null vector field Nμ = N (1, 1, 0, 0). Hereafter the "hat" on hatted coordinate coordinates will be omitted. After some calculations one obtains
where a, b ∈ {1, 2, 3} are spatial indexes and 0 denotes temporal components. We also used the composite fields introduced in Ref. [33] :
This time the correction term (45) is positive or negative depending on the field configuration. In particular, If (45) is positive, there is no way to satisfy (25) . We conclude that a Rarita-Schwinger field is able to produce exotic free wormhole solutions only if T (corr) µν N µ N ν < 0 and (25) are both satisfied.
Conclusion
In Einstein-Cartan framework the flaring-out condition does not always imply NEC violation. This allows to obtain, only for some particular values of the spin, static spherically symmetric traversable wormholes from nonexotic spinning matter. We analysed four different matter fields with different spin and discussed if the they are able to produce wormholes of the above mentioned kind without violating NEC. For scalar (S = 0) and Dirac (S = 1/2) fields the exoticity turns out to be an unavoidable feature of wormhole solutions. On the other hand, Proca fields (S = 1) satisfying relation (38) are able to produce wormholes without violating NEC. Although RaritaSchwinger fields (S = 3/2) are possible source of wormholes which preserve NEC too, Eq.(25) certainly implies exoticity when (45) is positive. All the above discussed systems show how the coupling between spin and torsion provides more physically attainable sources for MorrisThorne wormholes. 
